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Let PM be the projective space of dimension M over Spec Z, and X an irreducible
arithmetic sub variety. A point § € X' (C) is called generic, if the algebraic closure
of {0} over 7 is all of X'. Part III of this series of papers ([Ma3]) established a lower
bound for the approximability of generic points 6 by algebraic points or sub varieties
in terms of the dimension of X', which by [Mab] is best possible except for a subset
of points of measure zero. More specifically, if the height and degree of an effective

cycle on X are defined via O(1) and O(1), and the algebraic distance of an effective
cycle to 6 is defined with respect to u = ¢1(O(1)). (See [Mal], Section4)




1.1 Theorem Let X be an irreducible quasi projective arithmetic variety of relative
dimension t over Spec Oy, and L an ample positive metrized line bundle on some
projective compactification of X. There is a number b > 0 such that for every
a >> 0, and every generic 0 € X(C,) there is an infinite subset M C N such that
for each D € M there is an irreducible subscheme ap of codimension t fulfilling

degap < D', h(ap) <aD', loglap,0| < —baD'**.

PrOOF [Ma3], Theorem 1.2, Corollary 1.3.

It is the objective of this paper to reverse this conclusion, i. e. the approximability of
a generic point by algebraic subvarieties will imply a lower bound on the dimension
of X', and hence give criteria of algebraic independence of complex numbers in terms
of the approximability of corresponding points on arithmetic varieties.

For the rest of the paper, if not specified otherwise, 0y, ..., 0; will be derivations of
k(X)) whose restrictions to the tangent space of X at € are linearily independent.
For a multi index I = (iy,...,it) € N*, denote by |I| its norm i; + - - - + 4; and by
0" the differential operator 9i' - - - 9i*. Further, for a global section f € T'(X,O(D))

denote | [y = (fpar [FPM)'2.

1.2 Theorem Let X be an irreducible subvariety of relative dimension t in PM,
and 0 = [(0o, . ..,0m)] € X(C,) a generic point. One may assume Oy # 0, and then
t = trdeg(61/00, ...,0n0/00). Let further, Dy, Sk be series of natural numbers, Hy, Vj
series of positive real numbers such that Sy < Dy, the series Dy /Sk, Hx/Sk, Vi/Sk
are non- decreasing, and

lim su % =00
b Dy(Dy+ Hy)
Additionally assume that for each sufficiently big k € N, there is a set of global
sections Fy, of O(D) such for each f € Fy,

deg f < Dy, log|flrz@p>ay < Hy,  supj<s, log |0 (f/g%")(0)] < —Vi.

and that there is no point © € PM(C) such that f, = 0 for every f € Fy, and

log |z, 0| < % Then t is at least s + 1.

The criterion entails the Philippon criterion if one takes S, = 0 for all k. An alter-
native proof to the one given here was already given in [LR] (Theorem 2.1). Under
an additional assumption, this new proof furthermore also entails a characterisation
of the point # in terms of its approximability.

This criterion has a difficiency because it is usually used in cases in which the series
(Dy, Hy, Sk, Vi) fulfill certain regularity conditions (see below), and in this case there
verifyably are points 6 on any variety X that fulfill the conclusion of Theorem 1.2
without fulfilling its premiss.



1.3 Definition A function f : N — N (R) is said to be of uniform polynomial

growth, if the limes
. k(f(k+1)— f(k

exists.

1.4 Lemma

1. The set of functions of uniform polynomial growth is closed under composi-
tions, sums, products, differences and quotients with

Nfog = NfNg, MNfyg = max(nf,ng), Ngg = nf+ng, nl/f = Ny, N_y=Ny.
If f is unbounded, f~1 is defined via

f7H(n) = inf{k| f(k) > n},

and f is of uniform polynomial growth with ny # 0, then f~' is of uniform
polynomial growth with nsy— = 1/ny.

2. If f, g are of uniform polynomial growth, and f(k) > g(k) for every sufficiently
big k, then ny > ng.

3. A function f is of uniform polynomial growth, if and only if there is anny € R
such that for every e > 0, there is a kg € N such that

kK= < f(k) < k™te
for every k > ky.

4. If f is of uniform polynomial growth, and n is any natural number, then for
sufficiently big k,
f(k+mn) <2f(k).

1.5 Definition Let (Dy, Sy, Hy, Vi) be a quadrupel of sequences of natural and pos-
itive real numbers with Sy < Dy./3. The quadrupel is said to be of reqular polynomial
growth if Dy/Sk and Hy/Sk are monotonously increasing and unbounded, and the
functions f(k) = Dy/Sk and g(k) = Hy/Dy are of uniform polynomial growth with
ng >0, and g(k) > ¢ > 0 for sufficiently big k.



1.6 Proposition In the situation of Theorem 1.2, if additionally (Dy, Sk, Hy, Vi)
is of reqular polynomial growth, and trdegy(0) = s+ 1, then 6 is an S-point in the
sense of Mahler classification

PROOF [Mab]

1.7 Theorem Let X be a subvariety of relative dimension t of PM, and 6 € X(C)
a generic point. Further, Dy, Hy, Sk, Vi a quadrupel of sequences of natural and
positive real numbers that is of reqular polynomial growth, and fulfills

SiVi

k—o0 D}i(Dk -+ Hk)

Assume that for every sufficiently big k, there is a set F, C T'(PM,0(D)), such
that for every irreducible subvariety Y C X that has sufficiently small distance to 0,
there is an f € Fy, and an I with |I| < Sy,/3 such that the restriction of O'f to Y
s monzero, and

log |fil < Hi,  sup log |0/ (f/g*"(O)] < ~Vi
I11<Sy

Then, t > s+ 1.

Remark: The conditions in Theorem 1.7 are fulfilled e. g. if for every sufficiently
big k there are t global sections fi, ..., f; of L&Pk with

log |fi| < Hy, D%(divf;,0) < Vi, i=1,...,t,

and numbers I,..., I; with I; < Sy such that the divisors of the sections

o fy, ..., 0" f, intersect properly. Another important case, where the conditions
of the Theorem are fulfilled, will be when the global sections with small algebraic
distance are obtained by having high order of vanishing at a certain point, and
behave well with respect to differentiation.

2 Prerequisites

2.1 Lemma Let X be a regular projective arithmetic variety, £ a metrized line
bundle on X, and f a global section of LZP. Then, for every effective cycle Z on
X such that the intersection of Z with divf is proper,

h(divf.Z) = Dh(X) +/Zlog | flen (D)™,



where m 1s the dimension of Z. In particular, if Z is an effective cycle of pure
codimension in projective space, and f € T'(P*, O(D)), then

b(dinf) = Dh(2) + [ log |7l

with p = cy(L).

Proor [BGS], Proposition 3.2.1.(iv).

2.2 Lemma Let X, Y be regular projective arithmetic varieties, and f : X — Y a
morphism. Then for every metrized line bundle L on Y, and every cycle Z in X,

such that dim f(Z) = dim Z,
hiz(Z) = he(fi2).
Proor [BGS], Proposition 3.2.1.(iii).
2.3 Lemma For m < n let P™ C P" the projective subspace corresponding to a

choice of m + 1 homogeneous coordinates, and P"~™~1 C P" the subspace corre-
sponding the remaining n —m coordinates. With m the map

7:P"\P" = P"™ ! [wtw =], [v]€P™w]eP™
and any cycle Z in P™, such that Z does not meet P™,
hMm(Z)) < h(Z).

Proor [BGS], (3.3.7).

2.4 Lemma For every f € T'(PL, O(D)),

D1
gl = 5> L < [ toglslut < logl e < log 7l
m=1 IP?U

Proor [BGS], (1.4.10).

2.5 Lemma Let f € T(P',0(D)),g € I'(P*, O(D’)). Then,
log | flr2 + log|g|r: — ca(log D +log D) <log |fg|p2 <

D+ D +t
1og|f|Lz—|—log|g|L2—|—cl(D+D’)—|—log( )



ProoF [Ma2], Lemma 3.2.

Forp <t Ze fof(]Pt), and 6 a point not contained in the support of Z in [Mal]
the algebraic distance D(Z, ), is defined. Recall also the definition of the derivated
algebraic distance of a point 6 to an effective X cycle in P!, whose support does
not contain 6 in [Mad]: Let I = (1,...,i%) € N* denote a multi index, |I| =
i1 + -+ + i, its norm, and &' the differential operator 9 /0x,0% /Dy, - - - 0™t | Dy;,
and let ¢ : AY(C) — P'(C) be the affine chart with ¢(0) = 6. The derivated
algebraic distance D°(Z,0) of order S € N is defined as

D3(0, X) := supj<slog |0" exp D(0, X)|.

If ¢ is another affine chart centered at 6, the derivated algebraic distance with
respect to ¢ differs from that with respect to ¢ only by a constant depending on 1)
and ¢ times S'logdeg X. See [Mad4].

There are the following Propositions for the derivated algebraic distance.

2.6 Proposition For s,D € N, and f € T'(P',0(D)) let F be the polynomial of
degree at most D in t variables that corresponds to f with respect to affine coordinates
of Pt centered at 0. Then, with some positive constant ¢ only depending on t,

D*(divf,0) = sup log
s<S|J|=s

85
((0z1)ﬁ (0m)p F) (0)‘—10g|f|+0((S+D) log(SD)).

PRrROOF [Ma4], Theorem 1.3.

2.7 Corollary
In the situation of the Lemma,

D3(divf,0) < S}i% log | (97 F)(0)| + ¢(S + D) log(SD).

Proor Follows from the estimate
log |f| > —cD

for global sections f of O(D) with a fixed positive constant c.
We will need two special cases of the derivative metric Bézout Theorem, proved in
[Ma4], namely



2.8 Theorem Let XY be properly intersecting effective cycles in projective space
P, and S, S natural numbers with S < deg X/3,S < degY/3. There is a positive
constant d only depending on t, and a function f from the set of natural numbers
less or equal deg X 4+ degY to the set of pairs of natural nubers less or equal deg X

and degY respectively, such that pri o f and pry o f are surjective, and for every
0 € PY(C) not contained in the support of X.Y .

1. For a given kg < deg Zy+deg 77, and any k < deg Zy+deg Z, greater or equal
kO; and (D(J?ﬂl) = f(k)7

2(50 — 1/0)(1;1 — Vl) lOg |Z0 + Zl, 9| + QDS(ZO.Zl, 9) + 2D(ZQ, Zl) S

<170 - V())D3V1 (Zl, 9) + (Dl - Vl)DSVO(Z(), ‘9)+
O((deg Zydeg Z; + S) log(S deg Zy deg Z1)).

2D(X,Y) +2D%5(X.Y,0) <
maz(SD* (X, 0), SD* (Y, 0)) + d(deg X deg V) log(deg X deg ),

and

2D(X,Y) + 2D(X.Y,0) <
maz(SD(X,0), D*5(Y,0)) + d(deg X deg Y) log(deg X deg V).

PRrROOF [Ma4], Theorem 1.9, Corollary 1.11.

2.9 Corollary

1. For Sy,dy < deg Zy/3,51 < Z1/3, and S = SyS1, there is a K < dySy such
that

Klog|Zy + Z1,0| + 2D%(Zy.71,0) + 2D (Zy, Z1) <
max(S, D% (Zy,0), do D% (Z,,0)+
O((deg Zp deg Z1 + S) log(S deg Zy deg Z1)).
2. For Sy < deg Zy/3, S1 < deg Z1/3, and |Zy,0| < |Z4,0|,
2D (Zy, Z1) + 2D(Zy, Zy) <

D35 (Z,,0) + O((deg Zy deg Z, + S)log(S deg Z, deg Z,)).

PROOF The proof is similar to the one of [Ma4], Corollary 1.11.

Similar to [Ma3], Proposition 2.4.1, on can also deduce



2.10 Theorem Let ) be an irreducible effective cycle of codimension p in projective
space, f € T'(P*,O(D))z a global section whose restriction to Y is nonzero, and
f € T(P*,O(D))r a global section that is orthogonal to Iy(D) the elements of degree
D in the vanishing ideal of Y such that fy = fy. Then for natural numbers S <
degY/3,S < D/3 such that for every 6§ € P*(C) not contained in divf.Y,

2D (Y. divf,0) <

maz(SD>(divf, ), SD>(Y,0)) + deg Y log | f5| + Dh(Y) + dD deg Y log(D deg Y,

and
D(Y.divf,0) < mazx(SD(divf,0), D3(Y,0)) + dD deg Y log(dDlogY).

Let H : N — R be function of uniform polynomial growth such that H(D)/D >
a > 0 with a sufficiently big constant a, hence by Lemma 1.4.4, nyg > 0.
For X an effective cycle in P! define the H/D-size of X as

(X) = EdegX%—h()().

t
D

H
D

2.11 Proposition There are constants ¢,b,b > 0,n € N only depending on t such
that for every generic 8 € PY(C) and every function H : N — R as above, there
s an infinite set M C N such that for every D € N, there is an irreducible zero
dimensional subvariety c,,p of P, a locally complete intersection X of codimension
s < t—1 at ap and global sections f € T'(P*,0(D))z, f € T(P', O(D))r such
that fjﬂD = }w # 0, and with X,;, the irreducible component of X with minimal
H/D-size,
degX < D%, h(X)< HD*!,

log |J%w| < H, logl|(f|0)] < —bt%(xmm)Dt-&-l—s’
dega,p < (nD)",  h(anp) < (nH)(nD)"™',  D(ay,p,0) < —l_?tg(oznp)D,

log |anp, 0] < —Bt%(anD)D, t%(anp) > ct%(xmm)Dt_s.

ProoF [Ma3], Corollary 4.21. One has to be cautious to adjust the constants.

Another important tool for the proofs is the Liouville inequality.

2.12 Proposition: Liouville inequality Let f € T'(P',O(D)), and « an al-
gebraic point such that f, # 0. There is a constant d, only depending on t such
that

D(divf,«) > Dh(a) — degalog | f| — dD deg .



For the relation of this Proposition to the classical formulation of the Liouville
inequality, compare [Ma6].

PROOF Since by [Mal], Theorem 2.2.2, h(divf) < log|f| + Doy, this is a special
case of the equality

D(divf,a) = h(divf.a) — deg ah(divf) — deg fh(a) + o, deg f deg «

from [Mal], Scholie 4.3, together with the estimate D(divf,«) < d’ degadeg f from
[BGS], Proposition 5.1.

3 Derivatives

3.1 Polynomials modelling derivatives of rational functions

With X an arithmetic sub variety of relative dimension ¢ in P}!, and ¢ a global
section of O(1) whose restriction to X" is nonzero, let § € X (C,) be a generic point,
and 0y, ..., partial, derivatives of X as in the introduction.

3.1 Lemma With the above notations, and f a global section of L®P,

sup log
l7|<s

319(8%(9)‘ = D*(divf,0) 4 log | f |12y + O((S + D) log SD),

for every S < D.

PROOF Let Uy be a neighbourhood of ¢, and ¢ : U — Uy an affine chart of Uy.
Further, 0y, ..., the canonical derivatives on U. Then,

(p7)0 = ho

with a (¢ x t)-matrix of rational functions h. Hence,

81#(0)‘ = Si%log ‘51(<p*f)(0)‘ +O((S+ D)log SD),

sup log
1|<s

and the Lemma follows from [Ma4]|, Theorem 1.3.

3.2 Corollary If g is another global section of L, and 0y,...,0; another set of
derivations of k(X) whose restrictions to Ty X are linearily independent, then

sup log
l7|<s

1500)
o' ——(9)| = sup lo
g@D() |I‘Sps g

51#(9)‘ +O((S + D)log SD).



Because of this Corollary to the derivatives of a global section it doesn’t matter
which derivatives 01, ..., 0; in k(X) one choses. In the proofs of the main Theorem
we will chose them according to the definition in the next Theorem.

Let X C PY be an irreducible subvariety of relative dimension ¢, and P* C PM a
subspace defined over SpecZ such (P%)% does not meet X. Then, with

m: PYA (P — P,

the restriction 7wy of m to X is a proper map from X to P!. Denote by g, ...,z
the homogeneous coordinates of PM ordered such that zy,...,x; are homogeneous
coordinates of IPY. There is the canonical map k(z1, ..., zy) = k(PY) — k(X), and
if z;,i =1,...,t denotes the image of x; under this map, the function field k(X)) is
a finite extension of k(Z1,...,Z;).

We denote by 0/0x, the usual derivations of k(x1,...,xum) = k(21 /0, ..., 20m/%0),
and do not distinguish between a polynomial f(xy,...,z), its image

f(xy/xo, ..., 201 /70) in k(PM), and its image f(Zy,...,Ty) in k(X). The following
Theorem is a generalization of [RW], Proposition 77 to higher dimensions.

3.3 Theorem With the above notations, let Oy, ...,0; be the derivations of k(X)
defined by
Ox;=1, and Ox; =0 for 1€ {1,7t}\{l}

Let further I = (iy,...,i;) € Nt be a multi index of degree S = iy + --- +1;, and
ol =0 ..o
There is a homogeneous polynomial P = P(xy, ...z ) with

deg P < (M —t)deg X, log|P|p2pumy < cdeg X + h(X),

with ¢ a constant only depending on M and t, such that for every multi index I of
degree S, and every homogeneous polynomial f,

1

pQS—l :

o'f =
where fr is a homogeneous polynomial with
deg fr < deg f + (25 — 1)(M — t) deg X,
log | f1|p2pary <

log | f| + logdeg f + (25 — 1)(M — t)(h(X) + cdeg X + logdeg X) + log(25!).

PROOF Let mx be the restriction of m to X'. For any p =t+1,..., M, the projection
of X to the space with homogeneous coordinates xy, ...,z x, is a hyper surface of

10



degree at most deg X. Let P, be the corresponding homogeneous polynomial in
Zo, ..., %, Ty Then deg P, < deg X, and by Lemma 2.1, 2.3 and 2.4,

log |P,| §/ pM 4 cdeg X < h(mX) + cdeg X < h(X) + cdeg X. (1)
PM

Let further

M
P
AO :: @7

ox
p=t+1 ~H
and

Ay, = ! (@

e ) € k(X), @)

forl=1,....,t,and p=1t+1,..., M. We have

oz,

deg Ay < (M — t)(deg X — 1),
and using Lemma 2.5, and (1),
log |Ao| < (M —t)(h(X) + cdeg X + logdeg X).
Also, ApA;, is a polynomial with
deg(ApAk,) < (M —t)(deg X — 1),

log Ao Ak < (M —t)(h(X) 4+ cdeg X + log deg X).

Since P,(z1,...,2,x,) =0 on X, we get
or, 0P,
0=0P, =L+ %9
BT o * ox, Eops
hence,

Ox; \ Oz,
and y
of of
fi= Aoﬁ_xl + Z AoAzua—%
p=t+1

is a polynomial with
deg fi < max(deg Ao, deg(ApA;,)) +deg f —1 < (M —t)deg X + deg f,

log |fi| <logdeg f +log|f| + (M —t)(h(X) 4+ cdeg X + logdeg X) +log2, (3)

11



and

fi
o f ===, 4
L f A (4)
Put P = Ay. Then deg P < (M — t)(deg X — 1), and the estimate on the norm of
P immediately follows from (1), and Lemma 2.5.

Assume now the Theorem proved for I of degree S. That is, for any I with |I| = S,

_ i

I
af_ﬁa

for some polynomial f; with norm and degree fulfilling the estimates from the The-
orem. Then, with I =1+ (0,...,0,1,0,...,0),

f[ (alf[)P2S_1 — f[<25 — 1)P25—281P
p25—1 Pis—2 -
P28lf1 — (23 — l)f[P@P
P25+1 :

By (3), (4) and induction hypothesis P?9,fr, and (S — 1)Pf;0,P are polynomials
with

O =8,0" f =0,

deg(P?0,f;) < deg P +deg fr < 2(M —t)deg X + (25 — 1)(M —t)deg X
+ degf

= (254 1)(M —t)deg X + deg f,

and

deg(frPOP) < 2(M —t)deg X + (25 —1)(M —t)deg X + deg f
= (254 1)(M —t)deg X + deg f.

Likewise, the norms of P29,Fy, and (S — 1)Pf;0,P by (3); (4) and induction hy-
pothesis fulfill the inequalities

log |P20,f1| < (28 + 1)(M —t)(h(X) + cdeg X + logdeg X) + log(25)!
+ log|f| + logdeg f

< 2(S+1)(M —t)(h(X) + cdeg X + logdeg X) + 25 log 25
+ log|f| + logdeg f,
and

log [(2S — 1) fPOyP| < log(25 —1)+ (25 —1)(M —1t) x
(h(X) + cdeg X + log deg X)
+ log|f| + logdeg f + log(25)!.

12



Hence, with f; = P29,f; — (25 — 1) f1 P9, P, we have 97 f = f;/P25+! and
deg ff < (S+1)(M —t)deg X + deg f,

log|fz| < (25 4+ 1)(M —t)(h(X) + cdeg X + logdeg X) + log(25 + 2)!,
and the claim follows for S + 1.

3.4 Corollary With the notations of the Theorem, for every 6 in X (C), such that
f(0) # 0 and P(0) # 0), there is a constant ¢ only depending on 0, and X such that

D3(divf,0) = sup log |/1(8)] + O((S + D) log(SD)).
1|18

Moreover, for every T' < S,

D3(divf,0) = sup sup log|(0” f1)(0)|.

1|<S—T |J|<T

PROOF Since log |P(0)*71| = ¢(2S — 1), for some constant ¢, with g = x| the
claim follows from the Theorem, together with Lemma 3.1.

3.2 Local Bézout Theorem

In this subsection k is a field of characteristic 7€ro . and X a scheme of dimension ¢
over Spec k. For y a point in X denote by Y = {y} its Zariski closure.

3.5 Definition

1. Lety be a point in X with with dimY =1t—p . For Z an irreducible subvariety
of codimension p — 1, f € k(Z) and m, C Ox, the mazimal ideal in the
localization of Ox at y, define the order of vanishing vy(f) of f at Y as

vy(f) := maz{n € N|f € m}}.

2. For X an irreducible subscheme of P, and P(W) C P' = Projk|xo, ..., ]
a projective subspace of codimension q, let w be the corresponding point in PM
and Y an irreducible subvariety of codimension p with p < q, define v,(Y) as

vy (Y') := minp gy {multiplicity of P(W) in P(F).Y'},

where P(F) runs over all subspaces P(F) C PM of codimension q — p that
intersect Y properly and contain P(W). Define v, : Z(P') — Z by linear
extension.

13



3.

For X =PM w e PM a point corresponding to a subspace P(W) C PM and
Z7Z — Zy a cycle of pure codimension p in PM define the order of vanishing
of Z at w as the difference of the orders of vanishing as defined in part 1 of
the chow forms fz,, fz, of Z1,Zs at the subvariety

where PM s the space dual to PM, and P(W) the space dual to P(W). Since
the chow divisor is invariant under permutation of the factors in (Pt)M+1=p
this number does not depend on the choice of i € {1,...,M + 1 — p}.

Lemma

. For y,, the point corresponding to a subspace P(W) C PM of codimension q,

and Z a subvariety of codimension ¢ — 11 in P the definitions in 1 and 2
coincide.

The Definitions 2 and 3 coincide.

Fact

If w is a point corresponding to a subspace, X an effective cycle in P™, then
P(W) C supp X, if and only if v,(X) > 1.

If y is a closed point of P, and X an effective cycle of pure codimension M,
the multiplicity of y in X equals v, (X).

Let ¢ > p, and P(W),P(F) be subspaces of codimension q, and p respectively.
If w is the point corresponding to P(W), then

v(P(F))=1<PW)CP(F), and v,(P(F))=0<PW)Z P(F).
Let P(W) C P(F) C PM be subspaces, and Y an effective cycle intersecting
P(F) properly. If UE(F)(Y) is defined as the order of vanishing of P(F).Y at

P(W) inside P(F'), then
UE(F) (Y) = vy (Y).

Let X be an effective cycle of pure codimension p in Pt, and y a closed point.
Then for every subspace P(F) C P!, of codimension t — p containing y, and
intersecting Y properly,

0,(X) < v,(P(F).X),
and there ezists a subspace P(F') with these properties such that
0,(X) = v,(P(F).X).

14



3.8 Proposition Let X be an irreducible subvariety of dimension t of PM, and
w a closed point in X. Further, f,g € T(PM O(D)) with f, # 0. If for a natural
number S and every multi index I with |I| < S the equality (' f)(y) = 0 holds, then
the order of vanishing vy (Z) of Z = X.divf at y is at least S.

PROOF By Fact 3.7, there is a subspace P(F) C PM be of codimension ¢ — 1 con-
taining y and properly intersecting Z such that v,(Z) = v,(P(F').Z). Since g, # 0,
the multiplicity of y in P(F').X.divf equals the multiplicity of y in P(F).X.div(f/g),
that is

0,(2) = 0, (P(F).Z) = v,(P(F).X.div(f /g)).

Further, if f, g are the restrictions of f, g to one-dimensional subvariety P(F) N X,
then
vy (P(F).X.div(f/g)) = v,(div(f/9)).

If O is a derivation of P(F') N X whose restriction to y € P(F) N X is nonzero, then
0 is a linear combination with coefficients in k(X) of dy,...,d;, hence 9*(f/g) = 0
for every s < S, which means that (f/g) is contained in the Sth power mf)( Fnx.y Of
the maximal ideal mp(mnx,y C Op(r)nx,y, that is vy(f/g) > S. Together with the
above equalities and estimates this implies the claim.

Two effective cycles Y, Z of projective space are said to intersect properly at a point
x € PM if for every irreducible component U of the intersection of the supports of
Y and Z that contains = the equality codimWW = codimY + codimZ holds.

3.9 Local Bézout Theorem For x a closed point in PM and two cycles Y, Z of
PM | intersecting properly at ,

02(Y.Z) > 0.(Y ) (Z).

3.10 Remark By Fact 3.7, the Theorem holds in case Y 1is a projective subspace
P(F) C P

3.11 Lemma Let Y, Z be properly intersecting irreducible varieties of codimension
p,q of PM and X#Y their join. For a closed point x in P™ there are subpaces
P(F),P(F') of codimensions t — p,t — q containing x such that the intersections
P(F).Y and P(F").Z are proper, and

Vaa) Y H#Z) = Va)(YH#ZP(F)#P(F)).
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3.12 Lemma A point y#z in P> intersects P(A) if and only if y = z. Further,
(y#y)-P(A) = (y,y).

PROOF Let u € k' v € k! be vectors representing y, z, i. e. [u] =y, [v] = 2. The
join y#z C P?*! consists of the points [(au, bv)], a,b € k. If [(au, bv)] € P(A), then
there is a vector w € k"' such that (au,bv) = (w,w). Hence, au = w = bv, that is

y=[u] = [v] = 2, and [(w, w)] = (y,9).
3.13 Lemma Let x be a closed point in projective space, Y, Z properly intersecting
effective cycles in PM, and Y#Z their join in P?M+1,

1.
Vo) YH#Z) > v.(Y)v.(Z).

Vi) (0:(Y.Z)) = v, (Y.Z),
where § : PM x PM — P(A) is the diagonal embedding.

PROOF 1. By Fact 3.7.4, there are subspaces P(F), P(F’) C P* such that v, (Y) =
v (P(F).Y),0:(Z) = v(P(F').Z). Since P(F).Y = 3 nyy is zero dimensional,
by Lemma 3.7, v,(P(F).Y) = n, similarly, with P(F").Z = ) _m.z, the equality
vy (P(F").Z) = my holds. Since (Y#2).(P(F)#P(F')) = >_, . nyn.y#z, and a#z
contains (z,z), it follows from the previous Lemma that

2. Since the diagonal embedding is an isomorphism, this follows from the previous
Lemma.

PrROOF OF THEOREM 3.9 By the previous Lemma, part one,
V) YH#Z) > v, (Y)vo(Z).
Further, by Remark 3.10,
Vaa) Y #Z) < 0a)(P(A).(YH#2)) = V@a) (0.(Y.2)),

which by part 2 of the previous Lemma equals v, (Y.Z).

3.14 Definition Let Y be an effective cycle in PY, and Y its base extenseion to
Spec Q). For a real number H the weighted order of vanishing of Y at a point x in
P s defined as v, (Y)/tg(Y).
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3.15 Lemma For every effective cycle Y, and every closed point x € PM | there is
an irreducible component Y of Y such that

v (Y)
tu(Y)

U (
tH(

>

<=

PROOF Follows from the fact that both v, and ty are linear functions on Z(P?),
and elementary arithmetic.

3.16 Proposition Let X C PM be an irreducible subvariety of dimension t, and
a a closed point in X. Further, Y a subvariety of codimension p in X containing
a, and f; € T(PM,0(Dy)),i = 1,...t — p global sections such that for every i =
0,...,t—p there is an effective cycle Z; of pure codimension i+ p such that Zy =Y,
the intersection of Z; with divf;11 is proper, and Z;11 + X; = divfiy1.Z;, where X;
1s an effective cycle whose support does not contain «. Further, assume that for
everyi=1,...,t—p there is a number S; € N such that 0! f; is zero on « for every
i=1,....,t —p, T with |I| < S;, and 8" a derivation of the functions field of X as
above. Then,
Uoz(thp) > Sl Tt St—p-

PROOF By fact 3.7.1, v,(Y) > 1, and by Proposition 3.8, the vanishing order of f;
at « is at least S;. Hence, by the local Bézout Theorem,

Ua(Zi—H) = Ua(Zi—H + Xi) = Ua(diniH.Zz') = Ua((X'dini-i-l)'Zi) >

Va(X)va(div fi1)va(Zi) > 1Si4106(Z:),

and the Proposition follows by complete induction.

3.3 Weighted derivative algebraic distance

In analogy to the weighted algebraic distance defined in [Ma3], define the weighted
derivated algebraic distance

3.17 Definition Let X be an effective cycle in Pt. The a-size of X is defined to
be the number

to(X) :=adeg X + h(X).
For S € N define the weighted derivated algebraic distance of X to 6 as

D30, X)

gpf(@,){) = Zfa(X)
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3.18 Lemma Let X be an effective cycle in P*, and S a natural number. Then,
there is an irreducible component Y of X and an Sy € N with Sy /t,(Y) > S/t.(X)

such that
log deg X
— )

2057 (6,) §<pf(9~Y)+-C)(

We call Y the irreducible component with minimal derivated algebraic distance rel-
ative to S.

PROOF Let Y, Z be effective cycles of codimension p in P!, and S € N. By
[Mad], Theorem 5.1, there are subspaces P(F),P(F’) of codimension ¢t — p such
that with yi,...Y4egy the points in the intersection of P(F) with Y counted with
multiplicity, and likewise 21, ..., z4egz for P(F”) and Z for all natural numbers
Sl S dng/g,SQ S degZ/S,

degY
D%(Y,0) < Y logy;, 0] + O((S) + deg V) log(S deg ")),
1=S1+1

deg Z
D%(Z,0) < Y log|z, 0] + O((Ss + deg Z) log(S, deg Z)).
i=82+1
For given S choose S1, 53 € N such that S; + S, = S, and

log ly;, 0| <log|z;,8| for @ <Sy,j> S5,

log |z, 0| <logly;, 0] for j <Sy,i>5;. (5)
Then,
degY deg Z
; log |y;, 0] + Z log |z;,0| < 1nf) Z n.log|z, 0| <
1=51+1 Jj=S2+1 zesupp(P(F).(X+2)

%DWax+m+OM%@+Yﬂ%@ﬂX+YW7

again by [Mad], Theorem 5.1. Consequently,

S log e 0 + 3350 log |25, 0] _ 1D¥(0.Y +2) <1Og(deg(Y + Z)))
to(X +Y) T2 t,(YV+2) a '

Let 7 € R be such that Sl(}’; = (Qiry)’ and s = signr||r|]. Then, |s| < min(S —
Sl,S - SQ), and by (5)

degY deg Z
Zi:%1+1 log |yi, 0] + Zj:gs2+1 log |2;, 0] >
to(Y+ 2) -
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degY deg Z
Zi:gsl+s+1 log |y, 0| + Zj:gSQ—s—i-l log |z;, 0|
ta(V) +ta(2) '
By elementary arithmetic, this is greater or equal

degY deg Z
min (Zi=%1+s+l 10g ’yia 6‘ Zjig5273+1 lOg |Zj7 9|>

ta(Y) 7 ta(2)

Further
Sl +r - SQ - T . S
ta(X) () (X +Y)

By complete induction it follows, that for any effective cycle X with decomposition
into irreducible parts
n
x=3
k=1

we have numbers Sy with S /t.(X;) = S/t.(X) + €, and

. S8 Jlog @, 0\ D3S(0, X)
ming_1, . <= )
’ () 21.(X)

+ O((logdeg X)/a).
The Lemma follows by once more using [Mad], Theorem 5.1.

3.19 Lemma Let Y € Z.;1(PM) an effective cycle, and 6§ € PM(C) a point not
contained in the support of Y. Then, for any m,n,S € N.

D™ (0, mnY) < mD™(0,Y).

PROOF Since
exp(D(@, mnY)) = (eXp(D(Q, X)))mn :

this follows by elmentary differentiation techniques.

4 Projection to a projective sub space

4.1 Proposition Let X C PY be a subvariety of dimension t, further 0 € X(C),
and 'Y an effective cycle in X whose support does not contain . Let ¢ - AM(C) —
PM(C) be an affine chart centered at 6 such that p(A! x {0} = P(TpX) the tangent
space of X at 0. Denote by I a multi index, and by 0! the corresponding differential.
Further let Ny be the set of multi indizes I = (14, ... iop) withigq = -+ = tapy = 0.
Then, for S < degY/3,

sup  log |(9' (" exp D(Y,0))| < D%(6,Y).
IeN,|II<S
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D%0,Y)< sup log (0" (¢ exp D(Y, 6))| + O(deg Y log deg Y').

TeN,|I|I<S

PROOF The first claim is trivial. For the second claim, let Uy be a neighbourhood of
f in X such that the orthogonal projection 7 of Uy to Ty X is bijective, and for every
x € Uy, the inequality |z, 0| < 2|rz, 8] holds. With p the codimension of Y in X, by
[Mad], Theorem 1.4, there is a subspace P(F) C PM of codimension ¢ — p such that
IP(F) contains 6, intersects Y properly, and with P(F).Y = 320" ¢, numbered in
such a way that |y;,0] < -+ < |ydegv, 0] the derivated algebraic distance of 6 to Y’
may be estimated as

degY
D%(6,Y) < sup log|0" [ 140/l + O(Slog deg V),
|I|§S i=1

degY
log|d" T Iy 0]l < D%(6,Y) + O(deg ).
i=1
Let r be the radius of Uy, and k < degY a number such that |y, 0] <7 < |yky1,0)].
Then, with ¢;(2) = |my;, 0|/|vi, 0],

log (0" ¢*ci(2))(0)] < I, log |(81/e;(2))(0)] < |1,
with ¢ a fixed constant. Hence, for every I, with |I| < S,

degY degY

log sup 0! y;, 0|| < log sup |0" TY;, ]| + ¢S <
mSS! 11 |y, 0] |I|SS’ 11 |7y, 0]

log Z 81H|7Tyi,0||—|—65§10g sup |0 (¢* exp D(Y,0))|,

TEN,TI<S  i=1 TeN,[T|<S

proving the second claim.

4.2 Lemma There are positive constants ¢, ¢ only depending on M and t, and a
subspace PM~t=1 c PM defined over 7 that does not meet X, and fulfills

h(PM=1) < Elogdeg X and log|PM ! X|> —¢ — logdeg X.

PM=t=1 in PM  the restriction of the map

For P! the orthogonal complement of
m: PYAPYTTL o] e ], o] € P [w] € PHTT
to X is a flat, finite proper map wx : X — P, and
h(P*) < clogdeg X,

with ¢ a constant only depending on M and t.
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PROOF By [Mad], Corollary 5.4, there is a subspace P(W) C P with
log |P(W), X| > —c; — logdeg X,

with some positive constant ¢; only depending on M, and ¢t. For V C CM*! g
subspace, denote by S(V) the set of vectors of length 1 in V, and by pri: the
orthogonal projection to the orthogonal complement of V. On the Grassmannian
G e, we have

V,W|= sup |pry],
veS(V)

and for V' a primitive submodule of Z!*!,
h(V') =logvol(V') + o,.

Let W be the space from above, ¢ = M —t = dim W, and a = 2e“¢(t + 1) deg X.
One can recursively find vectors

M+1
v1,...,0, € C ,

such that with V; = (v;, ..., v;),
1
v prt (), ol < (M 4+ 12056 ()] < VT T

Indeed, assume that wy, ..., w.; is an orthonormal basis of W+, and vy, . .., v; have
been found. Since, logvolV; > 1, then log vol(Z*1/V;)) < 1. Let Q be the Cuboid
in R that has lengths 2(M+D/(t+1)qa/(+1) parallel to 1, and lengths 1/a paralell
to W+. Then,

VOl(Q) — 2M+1at+1(1/a)t+1 — 2M+1 > 2M+1V01(ZM+1/V;).

By the Theorem of Minkovksi, ) thus contains a non zero vector v;y1, and v;;q
fulfills

|Uz‘+1|2 < q(2(M+1)/(t+1)aq/(t+1))2 + (t—i— 1)(1/&)2 < (M+ 1)2(M+1)/(2£Jr1)a2q/(t+1)7

and
1\2
vt < 1) (5)
Since vq,...,v, is an orthonormal basis of V' = V,, for any v € S(V) we have
v=>"7 aw; with >°7  |a;|* =1, hence

I qt+1) e
a 2ecq(t+1)degX 2deg X’

q
i ()] < Y alprip(v)] < gVi+
i=1
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Hence,
log |V, W| =1log sup |pri;(v)] < —c; —log2 — log deg X.
veS(V)

Since log |W, X > —¢; — logdeg X, we get log |V, X| > —c¢; — logdeg X — log2 =
—¢ — logdeg X with a suitable c.
Finally, since |v;| < (M + 1)2M+D/agt+1 for 4 = 1,...q, we get

q
h(P(V)) = logvol(V) + o, > _logv;] + o <
i=1
log (q(M + 1)2M /D) (21 (¢ 4 1) deg X)) + 0, < ¢log deg X,

with a suitable ¢ > 0. If M = ZM*'NV, and M+ = Z*1NV+, by [Be], Proposition
1.(ii), ~
volM*volM < (deg X)°/ exp(a,).

Hence, with P! = P(M*1),

h(P") = logvolM* + o, < élogdeg X + 0 — 0, < clogdeg X.

4.3 Proposition Let Y € Z7;(X) be a cycle, 0 € X(C) a generic point, and
P, PM—t=1 1 7x as in Lemma 4.2

1. If the set of complex valued points Y; of an irreducible component Y; of Y has
sufficiently small distance to 0, then dim7(Y;) = dim ));.

2. For z,y € X(C) in a sufficiently small neighbourhood of 0,
|z, y| < clmxx, mxyl,
where c is constant depending on 0. and for ¥,y € PM\ P(F1),

10g|7T$,7Ty| < ‘l',y‘ — ]og‘x,]PM*tfl‘ _ lOg‘y,]PMftfl‘_

3. If Y is irreducible, dim 7Y = dim Y, then
degmx(Y) =degV, h(mx(Y)) < h(D).

4. If'Y s irreducible, dim 7Y = dimY’, 6 is not contained in the support of Y,
and S < degY/3, then

2(DPY (70, mx (Y)) < D*3(0,Y) + O(deg Y log deg V),
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PrROOF 1. Let Ty X be the tangent space of X at # which may be identified with the
projective space IP(Vp) corresponding to a subspace Vj of CM T, Since 6 is a generic
point of X, the restriction of m to P(V}) is bijective, hence comes from a bijective
linear map

gp:Vg—HDtH.

Because the metrics on P(Vp) and P* just correspond to different inner products on
Vp and €1, there is positive constant ¢ such that

1
E|7TZU,7Ty| < |‘Tay| < C‘7T.CE,7Ty|

for every z,y € P(Vp). Further, for a sufficiently small neighbourhood Uy of € the
orthogonal projection pr from Uy to TpX = IP(Vy) is bijective, and

lpra, pry| < |z, y| < 2|pra, pry

for every x,y in Uy implying the first claim.

Let u,v € C**! be vectors representing 7 and 7y. There are vectors w;, wy € CM~*
such that 4« = v + wy,v = v 4+ wy represent the points x,y. We may assume
that |u| = |v] = 1. Then, in the Fubini-Study metric, since u,w € C'™! and
wy,wy € CM-1 = (C1)4

|2, P < o [P = sin®(uwn) = [ul, Jy, PP <y, fwo] P = ol

Without loss of generality, we may assume (u|v) < 0, and |u| < |v|, hence |wy| <
|wy|. If |we| = 0, then x = 7wz, y = 7y, and there is nothing to prove. If |wy| > 0,
set A = |wy|/|wi| < 1, and define the point § € PM by y = [v + wy].
Then,

2, yl* =1 = ((ulv) + (wilws))* > 1= ((ufv) + [wi|[wa])* =

1= (ulv) + Mwi|wn))® = |z, 7.

Further,
Jul*[o]? |7z [ryl? = [ul?|v*(1 = (u]v)?) <

[ul* + [vl* = [ul®|v]* = 2{ufv) [wi[Jws] — (ulv)? =
L= (1= Jul) (1= Jv]*) = (ulv)® = 2(ulv) wi] [wa] = 1= (ulv)? = 2(ulv)Awi]* = N|w|* =
1= (ulv) + (wi|Aws)* = |2, 7],

which, together with the above, implies

|z, PY Py, PM Py P < ).

2. Since 0 is a generic point, the base extension 7 to X¢ is injective in some
neighbourhood of #. This immediately implies the claim.
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3. The first claim is obvious. The second claim is [BGS], (3.3.7).

4. Let p be the dimension of Y. Since |PM~'71 X| > —¢ — logdeg X, by [Ma4],
Propositions 5.4, and Corollary 5.5, there is a space P(F) C PM of codimension
t — p that contains PM~'=! as well as 6, hence intersects Y properly, such that

(DPENS (9, Y.P(F)) < D(0,Y) + O(deg Y log deg Y),

hence, if P(F).Y = 327" y; where the y; are ordered in such a way that |y, 6] <
-+ < |Ydegy, 0], [Mad], Proposition 4.7 implies

degY
2 Z log |yi, 0] < D*3(0,Y) + O(deg Y logdegY).
i=S+1
Let 0 € Y4egy be a permutation such that |7ye1, 70| < -+ < |TYpaegy,0]. By part
Proposition 4.5, |ry;, 70| < |y;, 0] + clog deg Y. Hence,

degY degY
2 Z log | ygs, 70| < 2 Z log |ys:, 0] + c(degY — S)logdegY <
i=S+1 i=S+1
degY
2 ) log |y, 0] + c(degY — S)logdeg Y < D*(0,Y) + O(deg Y log degY').
i=S+1

Further, since P(F) N P! is a subspace of dimension p in P! containing 76 and
intersecting 7Y properly, [Ma4], Proposition 5.1 implies

degY
(DPY3 (70, 7Y) < Z log |7y, 0] + O(deg Y log deg V),

1=5+1

hence
2(D¥)3 (70, 1Y) < D*3(0,Y) + O(deg Y log deg V),

as was to be proved.

4.4 Lemma Let Y € fof(]PM) be an effective cycle that intersects X properly,
and 0 € X(C) a point not contained in the support of Y. Then,

1.
deg(X.Y) = deg X degV,

h(Y) < deg h(Y) + deg Yh(X) + cdeg X deg Y.
2. For any S <degV,
2D%(0,Y.X) < DBS)(,Y) + O(deg X deg Y log(deg X degY)).
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PROOF 1. is just the algebraic and arithmetic Bézout Theorem. Since 6 € X (C),
2. is Theorem 2.9.2 applied to the varieties X, Y.

4.5 Proposition In the situation of Lemma 4.2, let Y € fof(]Pt). Then, X
intersects w*()) properly, and Y* = 1% (Y) = 7*(¥).X. Further,

1.
deg Y™ = deg X deg,

h(Y*) < deg X(h(Y) + ¢degY logdeg X) + deg Yh(X) + cdeg X deg Y,
and for every irreducible component Y* of Y* sufficiently close to 0,
degY* > degV, R(Y* > h(Y).

2. If further 6 € lPt((D) is not contained in the support of Y, and § € X(C) is a
point with wx0 = 6, then for S < degV,

_ 1
D%(0,Y*) < ZD%(Q, Y) + deg Xh(YV*) + deg Y*h(X) + ddeg X deg Y*.

3. If f e T(P*, O(D)), let f*x*f. Then,
log |f*‘L2(IPM) = ’f|L2(]Pt) + CD,
|divf*, 0| < c|divf, m0| < c|divf™, 0] + cco deg X.
sup log [(9' f*)(8)| < sup log |(9" )(9)].
l11<8 [11<S

PROOF

1. Since deg7*Y = degV’, the first claim follows from 7% ()) = 7*()).A and the
previous Lemma.

Let z1,...,za+ € T(PM O(1)) such that P* = divar..... divaeyr 4. Then, by

Lemma 2.1,
M—t

i=1

and Y = 7*(Y).divzy. .. .. divryr—;. Hence, there are numbers aq, ..., ay—; € R such
that "M " a; = h(P') — h(PM), and log |z;| — a; is a normalized Green form for
divey..... divz; in diveg..... divz; 1. The equality Y = 7*(Y).divay, ... .divey

together with Lemma 2.1 and [BGS], Proposition 5.1 implies

M—t
m—p—1i

WY) = (7 (V) = log ||

— [r*(Y).dile ..... divz;_,

%
M—t M—t

(log |z;| — ai)u™ "7 + degY ) a;
; /ﬂ*(Y).dinl ..... divae;_, ;

= —cdegY +deg Y (h(P") — h(PM),
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with ¢ a positive constant depending only on ¢, M, and p. Thus,
h(r*(Y)) = h(Y) + cdegY — deg Y (h(PM) — h(P")) <

h(Y) + cdegY + ¢y deg Y log deg X.

Since 7% (Y) = 7*(Y).X, the previous Lemma implies
hM%(Y)) < deg Xh(n*(Y)) + deg Yh(X) + codeg X deg Y <

deg X (h(Y) + c1 deg Y log deg X) + deg Yh(X) + c3deg X deg Y,

proving the second claim.

If Y* is an irreducible component of Y* sufficiently close to ¢, then because of the
irreduciblity, (7x).)* = Y, hence by Proposition 4.3.2, degY* < degV, h(Y*) <
h(Y).

2. Let Uy be a sufficiently small neighbourhood of 6 in X (C).
By [Ma4], Theorem 1.4, there is a subspace P(F) C P of dimension p such that
with P(F).Y = S2%8" 4. ordered such that |y,0] < -+ < |yaegv, 8|,

degY
2> " log |y, 6] < D¥(0,Y) + O((S + deg V) log deg V'),
S+1

for every S < degY/3. Denote by [ < degY the number such that y; € mxUy for
i <, and y; ¢ nU, for i > . Then, log |y;, 0| > —cs for every i > [ with ¢; > 0 inde-
pendent of Y. Further, let P(F*) C PM be the projective subspace of codimension
p that Contains P(F) as well as PM~*=1. Then the restriction of 7x to Uy maps
P(F*) Nsupp(7*(Y)) injectively to P(F N suppY), and since |§, PM~*| > cdeg X,
for every y* in P(F*) N7*(Y), we have log |y*, 8| < log |7 (y*), 0] + ¢ log deg X, and
consequently if P(F*).7*(Y) = Z?zgly y: ordered in the usual way,

degY
DS(z*Y,0) < ) loglyf, 0]+ O(SlogdegY)
i=S+1

!
Z log lyf, 0] + O(SlogdegY)
i=S+1
!

Z log |y:, 0] + ¢y deg Y logdeg X + O(SlogdegY)
i=S+1

degY

Z log |y, 0] + (ca + ¢1) deg Y log deg X + O(SlogdegY').
i=S+1

IN

IN

IN
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Hence,

- 1
D3(7*(Y),0) < §D3S(Y, 0) + (c2 + ¢1) deg Ylogdeg X + O(SlogdegY).

3. The first claim follows by integration over the fibres of 7, and the second claim
from Proposition 4.5.1.
With ¢ : A — P! the canonical affine chart centered at #, and 1) the local inverse
of mx at § with image in U.6, the map 1 o ¢ is an affine chart of X around 6. Thus,
for an f € T'(P*,O(D)),

(bop)om™f=¢"f,
from which the claim about derivatives follows.
The inequality |divf*, 0| < |divf, 70| < |divf*, 0| + cdeg X follows from part 1.

5 Proof of second criterion

This section establishes a proof of Theorem 1.2. For a given a > 1, if Hy, < aDy, one
can replace Hy by Hy = aDy. Then, since Hy+ Dy, < (a+1)Dy < (a+1)(Dy+ Hg),
still

: SiVi

limsup ————————— = o0,

k—oo  Di(Dy + Hy)

hence we may from now on assume that Hy > aD,. For similar reasons, one may
assume S, < 3Dy for all k. Similarly, by replacing the series (Dy, Hy, Sk, Vi) by
(5Dy,, 5Hy, Sk, Vi), and each f € F; by f°, one may assume that

sup |log |0If|| < -5V,
[T|<Sk—1

for each k sufficiently big and f € F.
5.1 Definition Given the series (Dy, Hy, Sk, Vi), and a t < s — 1, an irreducible

subvariety Y of X of codimension p <t is called sufficiently approximating of order
k and multiplicity Sy € N with respect to 6 € X(C), if the estimates

ti, /0, (V) < %4PD£1H1<, (6)
and
ot (0, Y) < == 4p_jlf;%)) T (7)
B
hold. k
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5.2 Lemma Given the series (Dy, Hy, Sk, Vi), let C >> 0 and t < s — 1. Because

of
i sup RV
vl D3 (Dy + Hy)

for every ko € N there is a k > ko such that

S5V

— = >, 8
D#(Dy, + Hy) — ®)

and assume | < k.

1. Let Y be an irreducible subvariety of codimension p in X, and Sy € N a
number such that (6) holds. Let further f € F; be such that divf intersects Y
properly, and assume

45,5y Vi

Sy (S;—1)/9pFL /5. _ ERRY VE
Do (S (divf.Y,0) < 1115,

Then, if either k =1 or |divf, 0| < |Y, 0], there exists an irreducible component
Y of divf.Y and a number Sy such that Sy /t.(Y) > Sy /t.(divf.), and Y is
sufficiently approzimating of order k and multiplicity Sy with respect to 6.

2. Let Y be an irreducible subvariety of codimension p in X that is sufficiently
approzimating of order k and multiplicity Sy with respcet to 6, and f € Fj a
global section whose restriction to ) is nonzero. Then, there exists an irre-
ducible component Y of divf.y, and a number Sy € N such that Sy /t,(Y) >
Sy /to(divf.Y), and Y is sufficiently approzimating of order k and multiplicity
Sy with respect to 6.

PRroOOF 1. Since

4SlSka

Sy (S;—=1)/90F1 0. di < _
P, /D, (0,divf.y) < 147"y, s, (div f. ) Sk

Lemma 3.18 implies that there is an irreducible component Y of divf.), and a
number Sy such that,

4. SlSka
4 . 14p_1tHk/Dk (lefy)Sk

O 1 (P,0) < o SV (£.9,0)+O(log(Dy degY)) <

and by shrinking Sy if necessary,

SySl O SYSI
2 . > Sy /t Y) = . :
tHk/Dk (lefy) Y/ Hk/Dk( ) tHk/Dk (lefy)
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Thereby,
45y Vi,

- 14ptHk/Dk (y)Sk’ .

Further, by the algebraic and arithmetic Bézout Theorems, the inequality D; < Hy,
and the fact that ) fulfills (6),

onp (Y, 0) < (10)

H
tHk/Dk (din.y) < Dlh(y) + H, dng + <D_k + C) D, dng
k

D
< 2DltHk/Dk(y)+2Hl ktHk/Dk<y>
k

H,
25y 1 2Sy Dy, 1
< —4PD, D’ H), + ———A4PH, DY " H,.
= o 1y, kTt ST H, 1) k
Hence, by the right hand side inequality of (9),
Sy o S;SP Sptt

— > ,
tuyp(Y) ~ 249D DY Hy, +2- 4P DVH, — APH DY H,,

the last inequality, because [ < k and both Dy /Sy and Hj /D), are non-decreasing.

Thereby, S
tHk/Dk(y) < SP—LZLPJFIDZHI“
k

that is ) is sufficiently approximating of order k& and multiplicity Sy with respect
to 6.

2. For k = [, since divf intersects ) properly, by the derivative metric Bézout
Theorem (2.8),

205 (Se=D/9 iy 1Y, ) max(S, D% /* (Y, 0), Sy DY/ (div f, 9))
2H; degY + 2Dyh(Y) + 2dDy degY

c¢(DydegY)log(Dy degY)

+ 4+ IA

IN

max (S, D%/% (Y, ), Sy D5=Y/% (divf, 6))
7DktHk/Dk (y) 1Og(Dk deg Y)

+

Further, by (7), and Proposition 2.6,

4Ska
C14p1

SpD%/¥(Y,0) <

SYD(Sk_l)/9p<din7 0) < =55y Vi + ¢Dy log Dy, < —4Sy'Vy,
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and by (6) and (8), since p <t <s—1,

S
TDyta, p, (V) log(DydegY) < 7 4PS—§D§Hk log(Dy, degY')
k

Sy'Vj
< 7‘4PSYVK/C]0g(Dk dng) < #7

for C' sufficiently big. Hence,

2D (=D (Qiv £, 0) <

2. 14p-1 T 2. 14r8,
that is 4SSV
Sy (Sk—1)/97+1 di 0) < — BOY VE (g
Dy,

Thereby the premisses of part 1 are fulfilled with [ = k£, and part one implies the
claim.
If I <k, and |divf,0| < |Y, 0], the claim follows similarly, this time using Corollary
2.9.2.

PROOF OF THEOREM 1.2 Assume t < s+ 1, let kg € N be any number, and
R = inf{log|divf,0| |f € T(P",O(Dy,)),log|f| < Hy,, f # 0}.
Let further C' be an arbitrarily big constant, and k& > ky such that

SV

__ Sk s 11
Di(Dy, + Hy) — 1

and

SN
Dy (D + Hy)

Let Y C X be a subvariety of maximal codimension that is sufficiently approximating
of order k£ and some multiplicity Sy. Then Y is contained in the support of divf
for every f € JFj, since otherwise, by Lemma 5.2.2, there would be a subvariety
Y of codimension p + 1 fulfilling the same conditions, thereby contradicting the
maximality of the codimension of ). Since the derivated algebraic distance of the
zero cycle is defined as 0, we have p < t.

Let now

> CR.

| = max{k < k|3f € Fj_,: Y ¢ supp(divf)},
Then, Y is contained in the support of divf for every f € F;, hence

log |Y, 0| > =Vi_1/(Si-1), (12)
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and for every f € F;, by [Mal], Theorem 2.2.1 and (6), and (7),

: Sy /9P
log |divf, 0] <log |V, 0] < ¢m,/p,(Y,0) +c < @y )5 (V,0) <

AW ___Asynsy 4RS! Sho”

147y o, (V)8 = 14018, Sy Dy ¢ = 14v-1D (Dy + Hy) DL?
the last inequality holding if the constant C' is chosen sufficiently big. The inequal-
ities log |dif, 0] < —R for every f € F; imply | > k.
Let D = [S;_1SyVi/(14P71V;_1)]. If degY < D/3, then, again by [Mal], Theorem
2.2.1,

< —R,

—Sy'V;
log |Y, 0| < 3'14+1kD < —Vi_1/3514

in contradiction with (12). If degY > D, let g € F;_1 be such that Y ¢ supp(divg).
If |divg, 8] < |Y, 0|, Lemma 5.2.1 would contradict the minimality of the dimension
of Y. Hence, |Y,0| < |divg, 6.

Using Corollary 2.9 for Zy =Y, Z; = divg,dy = D, Sy = Sy, S1 = S;_1, one gets a
K < DS;_4 such that

K log|Y, ] + 2D% Ga=D/%" (v deg g, 0) <

max(D D*-17(divg, 0), S;_1 D (Y, 0)+

2H, 1degY 4+ 2D, 1h(Y) +2dD;_; degY.
Since D%-17Y(divg,6) < —5V;_1, D5 (Y,0) < —4Sy'V,, /147715, and by assumption
H, 1/S;-1 < Hy/Sk, and D;_1/S;_1 < Dy/Sy, the above is less or equal

max(—55;1Sy Vi /(2 14771), =511y Vi /(1477 1))+

[ degY + Dk%h(y) D2 deg Y.
S Sk Sy
Further, by (6)
Si—1 Si—1 S;_1 47Sy DY (Dy, + Hy,)
2D, 2 (V) < 2Dy 2 < 2D
42 DP(Dy, + Hy) Vi
= 2915y —* S <2455 5

k

The last inequality because of p < t. Similarly,

Sl—l Vk: Sl—l ‘/k
2H,——degY <2.475,_ 15y — dDp——degY < 2-475, S5y —.
kSk egr = ZIYC; kSk egr = llYC,

Hence,
Klog|divg + Y, 0] + 2D%v5-1/9(Y. deg ¢, 6) <

31



—58 1Sy Vi /(2 - 14771 + 65,18y Vi /C < =S 1Sy Vi /(2 - 14P71),

for C sufficiently large.
Since ) was chosen of maximal codimension, Lemma 5.2.1 implies
D% Si-1/9(Y.divg, 0) > —S;_1Sy Vi /(4 - 14P71). Consequently,

Klog|divg +Y,0] < —S;_ 1Sy Vi /(4 - 14P71),

and thereby
log |V, 0] < —S;_1SyVi/(4K - 14P71).

Since K < S;_1D, this is less or equal
—SyVir/(AD14P7Y) < =Vi_1 /(4S111),

again contradicting (12). Since the assumtions t — 1 < s leads to a contradiction,
we have t — 1 > s.

6 Proof of second criterion

To prove Theorem 1.7, let § be a point in projective space PM, assume its alge-
braic closure X' over Spec Z has relative dimension ¢, and let (D, Sk, Hy, Vi) be a
quadrupel of series fulfilling the assumptions of the Theorem. Let further F, G be
the functions F(k) = Dy/Sk, G(k) = Hy/Dy. Since F, G are of uniform polynomial
growth, by Lemma 1.4, there is a kg such that for every k > ko,

%Dk-i-l/sk—i-l < Di/Sk < Diy1/Sk+1, %Hk—f—l/sk—f—l < Hy/Sk < Hyy1/ Sk (13)
By Lemma 1.4, the function H(D) = G o F~(D) is of uniform polynomial growth
with ng > 0. Multiplying H (D) by a positive constant, if necessary, one can assure
that H(D) > aD with an arbitrary number a > 1. By Proposition 2.11, there are
numbers by, 1 > ¢y > 0,n; € N and an infinite subset M C N such that for each
D € M there is an irreducible variety 8,p of codimension ¢ in P! and a locally
complete intersection Z at «,,p of codimension r <t — 1, such that

deg Bn,p < (n1D)',  h(Bu,p) < H(niD)(mD)"™',  D(Bu,p,0) < —bitu(Bup)D,

t/p(Brin) = cotr/p(Zmin) D', (14)

where Z,,;, is the irreducible component of Z with minimal %—size. Let mx — P!
be the projection from section 4, and ap C X an irreducible component of 7% ap,
further ) an irreducible component of 7% Z,,;, containing ap. By (14), Proposition
4.5.1, and Proposition 4.3, there are constants b,1 > ¢ > 0,n € N such that

dega,p < (nD)',  h(anp) < H(nD)(nD)™", D(anp,0) < —btg(anp)D,
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tH/D(anD) 2 CtH/D(y)DtiT. (15)
With a big constant c3 put

c
IM(h(X) + cgdeg X )

C1 =

Since limy,_, DS(V’“SE = 00, there is a k; > kg such that
k

Dyp+Hy)

ViS;

m > 40Mh(X + c3 deg X)(d + 1)(271, max(l/cl, (10 + d)/b))t

for every k > ki, where d is the constant from Proposition 2.12. Since M is infinite,
(13) implies that there is a D € M and a k > k; such that

(mm@l,bé(lo - d))) D< Z_: < (min(ey, b/(10 + d))) D. (16)

Applying the function H = G o F~! to both sides, and using that it is eventually
non-decreasing, gives
(min(cl,b/(l()—i-d))) H

> H< S—: < (min(ey, b/(10 4+ d))) H, (17)

with H = H(D). Adding both inequalities implies

(min(cl,bé(lo—i‘d))) (H+D) < w < min(cy,b/(10 + d))(H + D) <
2min(cy, b/(10 + d))H. (18)

For a given global section h € T'(PM O(1)) with hy # 0, identify an f € Fj with
f/nPr € Q(X).

6.1 Lemma There is an f € Fj, such that for some I with |I| < 2S)/3 the restric-
tion of O' f to a,p is nonzero.

PRrROOF Assume the opposite, and inductively construe a chain of subvarieties

le"'Dyt—r:anDa

such that
c i=1,...t—r
Vo (Vi) ~ s ’ ’
tu()) . .
D i—1 i—1 . .
(V) <D t%(y), 1=2,...t—r,
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in the following way: Since a,,p is contained in Y, by fact 3.7, we have v,, ,(Y) > 1,
thus can choose Y; = Y. Assume ); is given, and fulfills the above estimate. Since
a;,p is contained in );, by [Mal], Theorem 2.2.2,

D(OénD, 9)

1 0] <1 0| <
Og|y]7 |_ Og|OZnD7 |_ t%(anD)

+0(1) < —bD + O(1). (19)

Thus, for k sufficiently large, the assumption in the Theorem asserts that there is
an f; € F, and a multi index [; with |I;| < Si/3 such that the restriction of 9% f;
to Y; is nonzero, and by Theorem 3.3, there are polynomials P, f;, with P|x # 0,
thereby P(0) # 0, and by (19) also P(ay,p) # 0, fulfilling

deg fr, < deg fi + (25 — 1)(M — t)deg X < 2M deg X Dy,

log | fi| + log deg f;

10g|fli <
+ (25 = 1)(M —t)(h(X) + c4deg X + log deg X) + log(25!)

IN

(2M (h(X) + c3deg X)(Hy + Dy) < 3M(h(X) + c3 deg X)) Hy,

and
f]i

P21

ol f =
and thereby
0 fr.(cnp) = 07 (9" fPPI"1) (a,p) = 0

for every J with |J| < Si/3. Hence, by Proposition 3.16 v, ,(divfr,) > Si/3, and
by the local Bézout Theorem,

o (Vv ) = S, (V)

Further, by the algebraic Bézout Theorem,
deg(Y;.divfr,) < 2M deg X Dy deg Y,
h(Y;.divfr,) <
2M deg X Dih(Yi) + 3M (h(X) + c3 deg X)Hy deg Y; + 2¢M deg X Dy, deg Y; <
2M deg X Dyh(Y;) + AM (h(X) + c3deg X )Hy deg V.

Hence,
t% (yzdlvf[l) S

H
QEM deg X Dy, degY; + 2M deg X Dih(Y;) + 4M (h(X) + c3deg X)H deg; <
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H
2M deg X Dyt 1 (Vi) + 4M(h(X) + c3 deg X)FkD tu (V).

Together with the above estimate on the order of vanishing of Y;.divf;, at a,p, this
gives
ta (Vidivfy) 3 Hy \ tz()

< — | 2M deec X D AM(h(X dege X)—D | 22—
vawm.divm—sk( o X Dy AM(A(X) + e deg X) 7 )vaww

which by (16), and (17) is less or equal

tu ()
Vanp (Y3)
tu (V)

(M) D (3M deg X + 5M(R(X) + g deg X)) 555 <

(M) D (2M deg X + AM (h(X) + c3 deg X)) <

2

tu (Vi)

Vo p (Yi)

By Lemma 3.15, there is an irreducible component },;1; of Y;divf;, such that
t% (ym) - t%(yi.divf[i)
Vapa(Yir1) = Va,, (Yidivfy)’

which by the above is less than

cD

tu (Vi)
Vo, p (Yz)7

which by induction hypothesis is less or equal

cD

CiDit% (y)

proving the claim for ¢ + 1. For ¢ =t — r, the claim gives

t%(anD) =
contradicting the lower estimate on t%(an[)) in (15)

PROOF OF THEOREM 1.7, CONTINUATION Let g = 9’ f with |I| < 25;/3 be as in
the Lemma. By Theorem 3.3, there are polynomials P, g; such that with c3 chosen

sufficiently big,
g1

9= pan1 deg gr < 2M deg X Dy,
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log |gr| < 3M(h(X) + c3deg X) Hy,

and by Corollary 3.4,

sup log|<(3[g]|9)| < —Vi/2.
|J]<Sk/3

Theorem 3.3 also implies P|x # 0, and thereby P(f) # 0, which by (19) implies
P(anp) # 0.

Hence, by Theorem 2.8.2, and Corollary 3.4,

D(a,p,divgr) < max (%D(Oan,Q), —Vk/2) < max (—b%DtHD(&nD), —Vk/2> :

Further, by Liouvilles Theorem 2.12,

D(a,p,divg;) > —2M deg X Dyh(a,p) — deg ap3M (R(X) + c3 deg X)) Hy,

—2dM deg X Dy, deg o, p

> —2M deg XDkt%(anD) — 3M(h(X) + c3deg X)HZDtg(O‘nD)
—2dM deg kagtg(anp)

>

H.D
—(2(d+1)MdegXDk+3M(h(X)~|—03degX) Z_ > X

t% (OénD).
The two inequalities together give

H,.D
<2 tyaun) <

— (Z(d—i- 1)M deg X Dy, + 3M (h(X) + c3 deg X)

max (—b%Dtg(anD), —Vk/2> .

If —(2M(d + 1) deg X Dy, + 3M (h(X) + c3 deg X) 22ty (a,p) were less or equal
—b(Sk/3)Dt I (anp), if ¢3 is chosen sufficiently big, this would contradict the second
inequality of (18). Hence,

HI’}D ) try (anp) < —=Vi/2. (20)

- (2(d+ 1)M deg X Dy, + 3M (h(X) + c3deg X)

By the upper estimates on deg ., p, and h(a,p),

HD
(Q(d +1)M deg X Dy 4+ 3M(h(X) + c3 deg X) }’“I ) ti, (mp) <
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HiD
2(2M deg X (d + 1) Dy + 3M (h(X + ¢5deg X) ]’; )2Hn! D',
which by (16) and (17) is less or equal

tHkDZ

8M deg X (d + 1)(2n)'max(1/cy, (10 + d) /b)) 5

+

H.D:
12M (h(X + c3deg X)(2n)'max(1/cy, (10 + d)/b))* gt £ <
k

H,D.

I8Mh(X + c3deg X)(d + 1)(2n")max(1/cy, (10 + d)/b))* S

for c3 sufficiently big. Together with (20), this implies

ViSt
DUH,

< 40MM(X + c3deg X)(d + 1)(2n max(1/cy, (10 +d)/b))".

Since k was chosen such that

Vi.Ss

m > 40M (h(X) + czdeg X)(d + 1)(2n max(1/c1, (10 4+ d) /b)),

and Sy/Dy < 1, we get t > s+ 1.
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